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■ Abstract: In [7], a notion of noncommutative tangent space is associated with a conical pseu- 

, domanifold and the Poincare duaUty in ii'-thcory is proved between this space and the pseudo- 

I manifold. The present paper continues this work. We show that an appropriate presentation of 

^ ' the notion of symbols on a manifold generalizes right away to conical pseudomanifolds and that it 

' ' . enables us to interpret the Poincare duality in the singular setting as a noncommutative symbol 

' map. 
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m ■ 1 Introduction 

a^ : 

I In this paper we give a concrete description of the Poincare duality in A'-theory for a conical 

Q ■ pseudomanifold as stated and proved in [7]. This duality holds between the algebra C{X) 

, of continuous fonctions on a (compact) pseudomanifold X and the C*-algebra C*{T'^X) 

of a suitable tangent space of this pseudomanifold. 

^ I The tangent space T'^X introduced in [7] is a smooth groupoid. It is no more commu- 



tative, but it restricts to the usual tangent space of a manifold outside the singularity and 
the singular contribution is quite simple. 

The duality between C{X) and C*{T'^X) is defined in terms of bivariant A-theory but 



\ it is important to recall that it implies the existence of an isomorphism: 

S'^ : Ko{X)^Ko{C*{T''X)) (1.1) 

The main purpose of this paper is to identify this isomorphism with a noncommuta- 
tive symbol map, as one does in the smooth case with the usual symbol map. Indeed, the 
Poincare duality in the case of a smooth closed manifold V induces an isomorphism be- 
tween Kq(V) and Kq(C* {TV)) ~ K^{T*V) which is nothing else but the principal symbol 
map: 

Ko{V) K\T*V) 
[P] ^ [a{P)] ^'-'^ 

sending classes of elliptic pseudo differential operators (the basic cycles of the A-homology 
of V) to classes of their principal symbols (the basic cycles of the iiT-theory with compact 
supports of T*V). 
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The interpretation of (jl.ip as a noncommutative symbol map is really important for 
two reasons. Firstly, it validates the choice of a tangent space which is i^-dual to the 
singular manifold and thus motivates further investigations toward analysis or differential 
geometry of singular spaces by using this noncommutative object as well as other tools of 
noncommutative geometry. Secondly, this approach can be of interest for people looking 
for Fredholmness conditions in elliptic equations in singular situations like stratified spaces. 
Indeed, the notion of tangent space of a stratified space is very intuitive as soon as one 
understands the conical case, and the notion of elliptic noncommutative symbols appears 
directly. The case of general stratifications will be treated in forthcoming articles. 

In [7], we propose two KK-equivalent definitions of the tangent space of a pseudo- 
manifold X and the main results were stated for the first one, noted T^X in the present 
article. To explain in what sense cycles of the ET-theory of the tangent space of a pseudo- 
manifold are noncommutative symbols and cycles of its ii'-homology are pseudodifFerential 
operators, we will use here the second definition given in [7j, noted in the sequel T'^X. 
The equivalence in X-theory of both tangent spaces allows us to state all the results of [7] 
for T'^X and in particular the isomorphism Even if this equivalence is obvious for 

people familiar with groupoids, one will give full details about it in section El 

Now, surprisingly, one can define noncommutative symbols on a pseudomanifold ex- 
actly as one defines symbols on a smooth manifold. More precisely, symbols on a smooth 
manifold V are functions on the cotangent space T*V with adequate behavior in the fibers. 
They can be considered as pointwise multiplication operators on, for instance, C^{T*V). 
Under a Fourier transform in the fibers, they can also be viewed as families parametrized 
by V of convolutions operators in the fibers of TV. Thus: 

Symbols on V are pseudodifferential operators on the tangent space TV, 
where TV is considered as a groupoid and we talk about pseudodifferential calculus for 
groupoids [ZH O EH EZ] • 

This simple observation is already important to understand that the tangent groupoid 
defined by A. Connes in [S] gives the analytic index of elliptic pseudodifferential operators. 
Next, it suggests the following definition of noncommutative symbols on the pseudomani- 
fold X. 

Noncommutative symbols on X are pseudodifferential operators on the tangent space T'^X. 

We will see that, after some technical precautions on the Schwartz kernels and on 
the behavior near the "end" of T'^X of these pseudodifferential operators, this apparently 
naive idea works. For instance, one can recover in a single object the notions of interior 
and conormal symbols arising in boundary problems and the notion of full ellipticity is 
quite immediate here. 

Concerning the operators involved in the description of the Poincare duality, some 
freedom is allowed: basically, all calculi based on the work of R. Melrose [H] (b or c calculi 
for instance) as well as on the work of B.W. Schulze [23^ I24j can be used indifferently and 
lead to various representants of the same homology class (that is, to the Poincare dual 
of a given elliptic noncommutative symbol). 

The main tools used in this paper are Lie groupoids (see [7] and the corresponding 
bibliography) , pseudodifferential calculus (see [2^1 ISl Ell EZ] ) bivariant iiT-theory (see 

[niiniEsiEiEiEniE]). 

The author mentions that different techniques have been precedently used to produce 
results close from the present work by A. Savin ([22], see also joint works by V. Nazaikin- 
skii, A. Savin and B. Sternin [20l[T9] ^. 

1.1 Reviews and Notations 

The range and source maps of groupoids are noted r and s. If A is a subset of the space 
of units G^^^ of a groupoid G then G\a denotes the subgroupoid G\a = r~^{A) f] s~^{A). 
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All groupoids in the sequel are smooth (Lie groupoids), endowed with Haar systems in 
order to define their C*-algebras. Moreover, they are amenable (as continuous fields of 
amenable groupoids [l]). In particular, there is no ambiguity about their C*-algebras and 
notations for their i^-theory will be shortened: 

K\G) := K,{C*{G)) and KK{Gi,G2) := KK{G*{Gi),G*{G2)) 

If / is a homomorphism between two C*-algebras A, B, the corresponding class in KK{A, B) 
will be denoted by [/]. 

When a vector bundle E — > G^^'^ is given, we define a C*(G)-Hilbert module noted 
C*(G, E) by taking the completion of C^{G, r*E) for the norm associated with the C*{G)- 
valued product : 

< /,9 > (7) = / < fin~^),gir]~^7) >s{v) ■ 

J rieG'-('''> 

We shall use various deformation groupoids G = Gi x {t = 0}UG2x]0, The restriction 
morphism evt=o : G ^ Gi at t = gives an exact sequence: 

^ G*{G2X]0, 1]) ^ C*{G) '''^=° C*{Gi) ^ (1.3) 

whose ideal is contractible in i^iiT-theory. If Gi is amenable (which will always be the case 
in this paper), one gets that [evt=o] G KK{G,G2) is invertible. The deformation element 
associated with the deformation groupoid is the Kasparov element defined by 

da = [evt=o]~' ^ [evt=i] G KK{Gi, G2) (1.4) 

For convenience, the pair groupoid on a set E will be denoted by C^; . 

The (open) cone over a space L is the quotient space cL = {L x [0,+cx)[)/L x {0}.A 
conical pseudomanifold is a compact metrisable space X equipped with the following 
data. There is one singular point (but everything in the sequel can be written for a finite 
number) which means that a point c £ X is given and that X° := X \ {c} is a manifold. 
Moreover there is an open neighborhood of c, a smooth manifold L, continuous maps 
h : M ^ [0, +00 [ and ipc : N ^ cL satisfying the following: 

• /i is surjective, h~^{Q} = {c} and h : J\f\ {c} ^]0, +oo[ is a smooth submersion, 

• : N ^ cL \s a. homeomorphism, smooth outside c, such that: 

M cL 

h P2 

[0,+oo[ — ^ [0,+cx)[ 
commutes. Here p2 denotes the quotient map of the second projection L x IR+. 

Conical pseudomanifolds are the simplest examples of a stratified space [1]. We dis- 
tinguish two parts in the regular stratum X°: 

x° = X^U x+ 

where A_ = h~^]0, 1[, and A+ = X \ A_ is a smooth compact manifold with boundary, 
the latter being identified with L. The identification X^ ~]0, l[xL given by ipc will be 
often used without mention. The compactification M = X° of X" into a manifold with 
boundary L will be sometimes useful. The following picture illustrates the notations just 
defined: 
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(1.5) 

on AA\{c} is chosen, where gL is a riemannian metric on L. The corresponding exponential 
maps for X° and L are denoted e and e^, and the injectivity radius is assumed to be greater 
than 1 in both cases. The geodesic distances are denoted distjdist^. The associated 
riemannian measure on X° and L will be noted d/i and dm and the associated Lebesgue 
measures on T^X" and T*X° for x G X° will be noted dX and d^. We will note dij^ the 
Lebesgue measure on R. 

We shall assume that X" is oriented, but all constructions below can be done in the 
general case with half densities bundles. 

The tangent space of a conical pseudomanifold X was defined in [7] by: 



T'^X = Cx. U 



X° 



:i.6) 



The unit space is X°. This is a disjoint union where Cx_ is the pair groupoid of X- and 
TX_|_ has groupoid structure equal to its vector bundle structure. We will mainly use in 
this paper a slightly different but equivalent (at the level of if -theory) definition of the 
tangent space which was also given in [7]: 



T'ix = r]o, i[h^CL u rx+ ^ x° 



:i.7) 



We will refer to ()1.7p as the 'q' version and (II. 6p as the 'c' version of the tangent space of 
X. 



The tangent groupoid is defined for the 'c' and the 'q' version by: 

= T^X X {0}uCxox]0,l]t. 
g'? = Mx {0}uCxox]0,l]t 



:i.8) 
:i.9) 



In order to write down on T'^X some constructions made in [7] for T'^X, one needs the 
following deformation group oids: 



H = T'iX X {u = 0} U T"Xx]0, 
H = X {n = 0} ug^x]0,l]„ 



(1.10) 
fl.U) 



Let us recall that Ti has three deformation parameters noted h, t, u and contains all pre- 
vious groupoids: 



n 



t=0,u=0 



T'^x, n 



t=0,u=l 



T^X. 



(1.12) 
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We describe now a differentiable structure for Ti. This is rather technical, and the 
unfamiUar reader can skip this construction up to the remark [T] which will be reused later. 

The unit space of Ti is 7^° = X° x [0,1]^^. We cover TL^ by four open subsets : 
= AiJBuCuD with: 

A = int(X+) X [0,1]L i? = X°x]0,l]t X [0,1]„ 

C = X_x[0,l]2„ I) = /i-i(]l-e,l + e[) X [0,e[tx[0,l]« ^ ^ 

Here e is an arbitrary small number and int(X_|_) = Xj^ \dXj^. We get the following cover 
of 

W = WUuW|bUW|cUW|d (1.14) 

We have 'H\a = ^int(x+) ^ I^' -'^l" '^^ere ^int(x+) tangent groupoid [H] of int(X+). We 

provide it with its usual smooth structure and 7i\A inherits the obvious product smooth 
structure. Next, the smooth structure of 'H\b = Cxox]0, l]t x [0,1]^ is the product one. 
For the two remaining subgroupoids, we need to specify some gluing functions in the 
deformation parameters. We choose once for all a smooth decreasing function: 

r : [0,+ooH [0,1] (1.15) 

satisfying r(/i) = 1 on [0, 1/2] and t-^{0} = [1, +oo[. Let: 

K : [0,+cx)[x[0, 1] ^ [0, 1] (1.16) 

be a smooth function satisfying min (l,r(/i) + ^ K,{h,t) ^ 1 and K{h,t) = T{h) + t if 
r(/i) + t ^ 3/4. Let: 

^JL : [0, +oo[x [0, 1] X [0, 1] ^ [0, 1] (1.17) 

be a smooth function satisfying min (l, MT(/i)+t) ^ fj,{h,t,u) ^ 1 and /i(/i, t, u) = UT{h)+t 
if UT{h) + t ^ 3/4. Let: 

/ : M+ =]0,+cx)H M (1.18) 

be a smooth bijective function satisfying > and / = Id on a neighborhood of [1, +oo[ 
in ]0, +oo[. 

Coming back to the subgroupoid TC\c, observe that: 

7^|c= (T]0,l[,,x{(0,0)}uC]o,i[, X [0,1],%\{(0,0)}) xCl (1.19) 
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We note shortly Gj the first factor in Wjc- Let V be the open subset of T]0, l[/ix[0, 1]^ „ 
given by: 

V = {(/i, A, t, u) I l-^{l{h) + ^l{h, t, u)X) < 1} 

Then we provide Gj with the smooth structure such that the bijective map Egj : V ^ Gj 
given by: 

F (h\f,A-! (^A,0,0) if (t,n) = (0,0) 

' ' " \(/i,ri(/(/i)+/x(/i,t,n)A),t,n) if / (0,0) ^ ^ ^ 

is a diffeomorphism. Thus, inherits the product structure of G/ x C^. 

It is tedious but not difficult to check that the smooth structures given to TC\ a, Ti-lBiTi-lc 
are compatible on their common domain and it remains to give TC\d with a compatible 
smooth structure. 

Remember that X° and L are riemmannian with exponential maps denoted by e and 
(see paragraph II .ip and consider now the open subset U of TX° x [0, l]f „ given by the 
set of (x, V, t, u) e TX° X [0, 1]^ satisfying: 

• if h{x) ^ 1 then tV G dom(e2^^), 

• if h{x) < 1 then writing x = {h,y) g]0, l[xL, V = {X,W) £ R x TyL under the 
identification X_ =]0, l[hxL, we have K{h,t)W G dom(ey) and {h,X,t,u) E V. 

We define a injective map E-}{ ■.U^TChy setting: 

• for (x, V) e TX° with h{x) ^ 1: 



i^„(x,l/,t,u)-| (^^^^0^^) if^^o (1-21) 

• for (x, V) G TX" with /i(x) < 1 and x = {h,y), V = (A, T^) as above: 

F (h.\Wf.)-S {h,y,X,e^iT{h)W),0,0) if (t, n) = (0, 0) 

i^H (n, y, A, w/, t, u) I ^^^^^ ^ ^^^^ ^^^^^ ^^^^^ ^^^^ ^ _^ 

(1.22) 

One can check that Ud = 0~(-\d) is an open subset of U. We provide 7i\'j^ = 7i\D 
E-f-ilJA) with the smooth structure such that the map : E-j-^ : Uo 'H\'j~,\s a. diffeomorphism. 
On the other hand, 'H\"£, = 'H\d H iJ~L\A U 'H\b U 'H\c) is open in 'H\a U 'H\b U 'H\c so it 
inherits a smooth structure as a submanifold of Wlyi U7i\B UWlc- The smooth structure 
given to 7Y|^ and 7^1^ are compatible and cover 7i\D- The resulting smooth structure of 
7i\D is compatible with the ones given to the three other subgroupoids, so we have given 
to H a smooth structure for which E-j-i is an exponential map. 

Remark 1 1. The gluing function I is important in the description of the Poincare 
duals of elliptic noncommutative symbols. We will see that choosing I = log near 
h = leads to this description with the help ofb-calculus, while choosing l{h) = —1/h 
near h = would lead to c-calculus. Different choices of I produce different but 
diffeomorphic smooth structures on 7i. Indeed, ifl,m are two such choices, the map 
TC ^ 7i equal to identity if {t, u) ^ (0, 0) or h ^ 1 and sending {h, A, x, y, 0, 0) to 
{h, A. '^^^y , X, y, 0) is a smooth isomorphism between 7i with the smooth structure 
given by I and TC with the smooth structure given by m. This follows from a simple 
but tedious calculation and the fact that for any smooth function / : M ^ R, the 
map: 

( f(x)-f(x-i,\) if n^Q 

0:M3^M; (x,//,A) ^ < , 



A/'(x) iffi = 



is smooth on M^. 
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2. All other gluing functions are technical ingredients and their choice has no incidences 
on the desired description. 

3. All subgroupoids listed in il.l2\) inherit smooth structures and exponential maps from 
those ofTL. 

We will often use Q'^ = T-i\u=Q in the sequel. Using E-yi, we get an exponential map for this 
group old: 

• for t) G U\u=Q with h{x) ^ 1: 

F I \r -^\ {{x,ex{tV),t,u) if t > , . 

^^'("'^'*) = 1 (x,t^,0,n) ift = ('-'^^ 

• for t) G U\u=Q with h{x) < 1 and x = (/i, y), V = {X,W): 

where we have replaced t, 0) by t to simplify. 

The inverse of the exponential map Egq will be noted shortly 0. 

The following define a Haar system for Q'^ which is necessary to define in a convenient 
way its C*-algebra: 

i>0, gl^ ^^ = X° x{t], dX(-'''>{x') = j^^dij,, = dX'{h' = h{x')) 

t = Oand/i<l, g1^y^Q^=Rx Lx {0}, dX^'^'y^^^ = ^dfi^d^^ = dX'''^ 

t = and /i ^ 1, ' gf^ 0) = T^X", ciA(^'°) = di^^ = dA^ 

(1.25) 

Remark that dX^ is equal to j^dfi near h = 0, in other words it coincides with the density 
coming from a 6-metric like: 

9h{h,y) = + gL{y) (1.26) 

2 Equivalences of tangent spaces and Dirac elements 
2.1 Two equivalent tangent spaces 

The main results of [7] are the construction of a Dirac element D'^ G KK[T^X x X,-), 
a dual Dirac element A'^ G KK{-,T^X x X), where • stands for a point space, and the 
computations in bivariant ii'-theory: 

A^ (g) L''^ = 1 G KK{X, X) and X"" D" = 1 £ KKiT^X, T^X) (2.1) 

which give in particular the isomorphism 

T.^ = [X^ ■) = {. ® D^)-^ 

X T'^X 

in (jl.ip . In this paper, we will prefer to work with T'^X rather than T'^X, because the 
analog for T^X of 

S« = (A« •) = (• ® ^^)"^ : ^o(^) ^ K°(r«X) (2.2) 

has a nice description. We are going to describe the iCi^-equivalence between T'^X and 
T^X in order to have a correct representant of D^. 
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Proposition 1 The deformation element dn G KK{T'^X, T'^X) associated with H in 
^1.1 U\) is a K K -equivalence. 

Proof : Let ev_|_ : H — > TX^ x [0, 1] be the restriction morpliism and consider the 
commutative diagram: 















C*{TX+) ^^^^ C*{[0,l]uXTX+) C*{TX+) 



ev+ 



C*{T^X) 



C*{H) 



ev4 



ev„=o 



C*{TiX) 



(2.3) 



C^*(C]o,i[xl) C*{H\h<i) C*{T]0,1[xCl) 





The columns are exact. On the top line the induced maps in i^-theory provide 

[ev,=o]-' ® [ev„=i] = 1 G KK{TX+,TX+) (2.4) 

Observe that 

/?U<i = r]0,l[xCL x{0}uC]o,i[xlx]0,1] ^ (T]0,l[x{0}uC]o,i[x]0,l]«) xCl, (2.5) 

and that ^]o,i[ = T]0, l[x{0} U C]o,i[x]0, 1] is the usual tangent groupoid of the manifold 
]0, 1[. The associated Kasparov element 

G KK{T]0,1[,C]om) ^ KK{CoiM.^),C) ^ Z 

is invertible with inverse given by the Bott generator of KK{C, Co(M^)). It follows that 
in the bottom line 



[ev,=o]-' ® [ev„=i] = sc*(c^) [dg^o.n) ^ KK{T]0, 1[xCl,C]o,i[ x Cl) (2.6) 

is invertible. Here : KK{B,C) — > KK{B ® A,C ® A) is the usual tensorisation 
operation in Kasparov theory. 

In particular the Kasparov elements [ev„=i] in ()2.4p and (12. 6p are invertible. Hence, 
applying the five lemma to the long exact sequences in ii'i^-theory associated with the 
first two columns of <\2.2>\\ give the invertibility of the element [ev„=i] in the middle line of 
(j2.3p . This yields that dn, equal to [eVu=o]~^ [ev„=i] in the middle line, is invertible. 

2.2 The Dirac element for the 'q' version 

Let us turn to the description of D'^. We define: 



D"? := dn D"" e KK^X x X, ■) 

rpcX 

We recall the construction of D^. We set: 

d" ■= dg^(^ue KK{T''X, •) 



(2.7) 
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where v is the Morita equivalence v G KK(Cx°, •) given by: 

1/ = {L\X"),m, 0) G KK{Cxo, •) 
c?'^ is called the pre-Dirac element and the Dirac element is 

:= G KKiT^X x X, •) 
where is the Xii'-element associated to the map defined by 

. c*{T''X)(S)C{X) — > C*{T''X) 
f I — > a.f o tt'^ 

and tt'^ is the composition of the range map of T'^X with the projection X° 
In the 'q' version we set: 

and 

$9 : c*(r'?x) c(x) — > c*(r'?x) 

a (g) / I — > a.f o Ti'i 
where vr"^ projects T'^X onto X like tt'^ does T^X on X. We check that : 
Proposition 2 The following equality holds : 

1)9 = $9 ^ S"? G KK{T'^X X X, •) 
where D'^ is defined by \2. 7\ ). 

Proof : Let us consider the commutative diagram: 

evt=i 



(2.8) 

xyxl ~ X. 



(2.9) 



C*{Cxo) 
evu^o 



c*{gi) -^^^ c*{Tix) 



ev„=o 



ev„=o 



C*(Cx° X [0,1]) C*{n) C*{H) 



(2.10) 



ev„=i 



ev„=i 



ev„=i 



C*{Cxo) 



evt^ C'*(gc) _evt=o^ C*(r^X) 



At the level of ifif-theory, the bottom line of the diagram gives d'^, up to the Morita 
equivalence v, while the top line gives d'^ (up to v). The right column gives the KK- 
equivalence dn while the product ev~i^Q ^ eyu=i in the left column is obviously 1 in 
KK{Cx°,Cx°)- This gives: 

To finish, let us introduce the multiplication morphism: 

: C*{H) C{X) C*{H) 

given by <I)^(a, /)(7) = a{'y) f {ir^ {■j)) , where the projection map tt^ : H ^ X extends vr'^ 
and TT^ in the obvious way. Denoting in the same way the restriction morphisms for the 
product groupoid H x X, we get the formulas: 

Sc(x)dH = Sc(x)([ev„=o]""^ [ev„=i]) = [ev„=o]~"^ ® [ev„=i], 

= [ev„=i] ; [eVu=or'^'^" = <^'®[eVu=o]-^. 



Hence: 



[ev„=ij 



Di = dH D 

rpcX 



^C{x){dH) ®D''= [ev„=o]"^ [ev„=i] ® ® d^x (2.11) 
(E) [ev«=o]"^ ® [ev„=i] 5^= = 5« 
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3 Cycles of the A'-theory of the tangent space 



3.1 Symbols on a manifold as operators on the tangent space 

To proceed, we need some definitions about pseudo differential calculus on groupoids. The 
notions summed up below can be found with full details in the litterature: [28l [IHl l2T| [6]. 

Let G be a smooth groupoid (the space of units is allowed to be a manifold with bound- 
ary, but the fibers are manifolds without boundary). Let : C°°(Gs(^)) — > C°°(Gj,(^)) 
be the isomorphism induced by right multiplication: U^f{^') = /{j'^)- A linear operator 
P : C^{G) C°°{G) is a G-operator if there exists a family : G^{G^) C°^{G^) 
such that P(/)(7) = ^^^(7) (/|g,(^) )(7) and U^Ps(^) = Pr{y)U^- 

A G-operator P is a pseudodifferential operator on G (resp. of order m) if for any open 
local chart $ : $7 ^ s{Vl) x of G such that s = pri o ^ (that is, for any distinguished 
chart) and any cut-off function x ^ C^{Q), we have {^*)~^{xPx)x^* = a{x,w,Dw) 
where a{x,w,£,) G S*{s{Q) x T*W) is a classical symbol (resp. of order m). 

One says that P has support in K C G if supp(P/) C -fC.supp(/) for all / G G^{G). 

These definitions extend immediately to the case of operators acting between sections 
of bundles on G^^^ pulled back to G with the range map r. The space of compactly 
supported pseudodifferential operators on G acting on sections of r*E and taking values 
in sections of r*F will be noted ^*{G,E,F). li F = E we get an algebra denoted by 

Basic examples of the usefulness of these operators are the case of foliations [6l [28] and 
manifolds with corners [16]. This calculus is also used in [7] to define KK-theory classes 
and to compute some Kasparov products. Here, to motivate our definition of noncommu- 
tative symbols on a singular manifold, we explain in more details what is suggested in the 
introduction. 

Let y be a smooth compact riemannian manifold, E a smooth vector bundle over V 
and consider the tangent space TV as a smooth groupoid (thus r and s are equal to the 
canonical projection map TV — > V). 

Let a £ ^*{TV,E). By definition, a is a smooth family {ax)xev where Ux is a transla- 
tion invariant pseudodifferential operators on TxV (with coefficients in EndP^) and thus 
can be regarded as a distribution ax{X) on TxV acting by convolution on G^{TxV,Ex), 
so: 

u€G^{TV,E), a{u){x,X) = a*u{x,X) = I a{x,X -Y)u{Y)dY 

JYeT^V 

where the last integral is understood in the distributional sense. The distribution ax{X) 
being compactly supported, it has a Fourier transform a^(^) which is just its symbol. The 
whole family (a^)x identifies with a classical symbol on V taking values in EndP), that is, 
a G S'*(y,End£J) and since the Fourier transform exchanges convolution with pointwise 
multiplication, we get an algebra homomorphism: 

J^: ^liTV,E) ^ S*iV,EndE) 
a I — > a{x,(^) 

which is obviously injective. Conversely, the inverse Fourier transform associates to any 

V 

symbol b{x,^) G S*{V,FindE) a distribution b{x,X) which, as a convolution operator, is 
a Ty-pseudodifferential operator by the formula: 

u G G^{TV, E), b * u{x, X)= [ e'^^-^^-^b{x, On(x, Y)dYd^ 
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Moreover, introducing a smooth function (f){x, X) on TV equal to 1 if X = and equal to 
if \X\ > 1, we get: 

a = </>.a + (1 - (/))a G 'i>l{TV, E) + S{TV,End E) 

where S{TV, J^nd E) stands for the (Schwartz) space of smooth sections whose partial 
derivatives are rapidly decaying in the fibers of TV. 
Thus, enlarging ^*{TV,E) as follows: 

^*(Ty,E) := '^*{TV,E) +S{TV,EndE), 

the algebra monomorphism (13. ip extends to an algebra isomorphism 

T : ^*(Ty,E) — >S*{V,EndE) (3.2) 

which preserves the filtrations. For a general discussion about the enlargement of spaces of 
compactly supported pseudodifferential operators by adding regularizing ones, see [28|[T3]. 

One can then reformulate the classical description of the ET-theory with compact sup- 
ports of T*V: 

Proposition 3 Every element in K^(T*V) ~ K^{TV) has a representant of the following 
form: 

[a] = [c*{TV,E®El{^^ 2))GKK(.,Ty) 

where E,F are smooth vector bundles over V and a £ "^^{TVjEjF), b £ "^^{TV, F, E) 
satisfy ba - 1 e ^-^{TV, E), ab-le ^"^(Ty, F). 

3.2 Noncommutative symbols and their ellipticity on a conical pseudo- 
manifold 

Motivated by the previous approach, we enlarge the space of compactly supported pseu- 
dodifferential operators on T'^X and define them as noncommutative symbols on the pseu- 
domanifold X. Definitions are given in the scalar case since the presence of vector bundles 
bring no issues. We introduce: 

T^X = {0} X M X Cl U T^X = T[0, l[h xCl U TX+ ^ M = X^ (3.3) 



Definition 1 Let r be the function choosed in \1.15\) and define the function |.| : T'^X 
M+ by: 



^(^^^^|^)' + A2 if^ = ih,X,x,y)eT]0,l[xCL{ie, h < 1) 
[y^g^{X,X) ifj = {x,X)eTX+{ie,h^l) 

The restriction at t = of the Haar system Q'^ defined in ()1.25p provides a Haar system 
for T'^X, and extended at /i = in the obvious way, we get a Haar system for TiX. It is 
then easy to check that |.| is a length function with polynomial growth on TiX and the 
corresponding Shwartz algebra is denoted by S{T'>X) ([l3]). Using the seminorms: 

PDMf)= sup (l + |7l)^l^/(7)l, 



where is a positive integer and D G Diff(r'JX) is a differential operator on TiX, this 
Schwartz algebra can be presented as follows: 



S{TiX) = {/ G C°°{TiX) I pD,Nif) < +0O ViV G N, VZ) G Diff(T9X)} 

By restriction at /i = of these functions, we get the Schwartz algebra 5(M x Cl) of 
the groupoid M. x Cl endowed with the restricted Haar system. 
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Definition 2 The algebra of noncommutative symbols on X is defined by: 



S*{X) = ^*{TiX) + S{TiX) C ^*{T<iX) (3.4) 

We also define Sq{X) as the kernel of the restriction homomorphism at h = 0: 

p : S*{X) ^ ^1{RxCl) + S{RxCl) 
a I — > a\h=o 

Remark 2 

(a) The image of p is exactly the algebra x L) of translation invariant pseudodif- 
ferential operators on M x L defined by R. Melrose in U5f . 

(b) The smoothness of noncommutative symbols up to h = can be relaxed and singular 
behaviors can be of interest, see paragraph \,y.4\ 

The following observations will lead to the notion of ellipticity for these noncommutative 
symbols. 

Proposition 4 The following inclusion holds 

S°{X) c MiC^T^X)). (3.6) 

Moreover, we have S'^iX) C C*{TV() and 

Sq\X) = s-\x) n C*{TiX). (3.7) 

Proof : It is known from [iHl [28] that ^'"(T^X) C M{C*CNX)) and ^"^'NX) C 
C*{TW). Since C*{TiX) is an ideal of C*{'NX) and since any a G ^-0(7^) maps 
C*{T'^X) to itself, (13. 6p is true. Since C*{T'^X) is the kernel of the restriction morphism 
C*(T9X) ^ C*(M X Cl) at /i = 0, ([321) is obvious. 

In the sequel, the algebra of small 6-calculus [H] will be denoted by V^{M) and its ideal 
consisting of operators with vanishing indicial families will be denoted by V^q{M). Given a 
^^-pseudodifferential operator P, its restriction P\t at any t > is a Cx°-pseudodifferential 
operator, that is, an ordinary pseudo differential operator on the (open) manifold X°. 
In fact, we will denote by ^KG"^) the algebra of ^''-pseudodifferential operators whose 
restrictions P\t at any t > are in the 6-calculus of M = X", that is, such that for all 
t > 0, P\t G V^{M). The ideal of operators P G "^liG") such that P\t G VIq{M) for all 
t > will be denoted by ^'^q(^'^). The previous proposition extends to these spaces: 

Proposition 5 The following inclusions hold: 

^liG'') C 7W(C*(g«)) (3.8) 

C C*{g^) (3.9) 

This follows from properties of 6-calculus and the proposition [H 

Definition 3 A noncommutative symbol a G S*{X) is elliptic if it is invertible in S*{X) 
modulo Sq^{X). 

A noncommutative symbol a G S*{X) is relatively elliptic if it is invertible in S*{X) 
modulo S~^{X). 

The relative ellipticity of a G S*{X) is exactly its ellipticity as a pseudodifferential operator 
on TiX . The notion of ellipticity for our noncommutative symbols is stronger and is similar 
to the notion of full ellipticity [HI [T7| . 

Indeed, let a{a) G C°°{S*M) be the principal symbol of a G S*{X) viewed as a 
pseudodifferential operator on TW. We call {a{a),p{a)) G C°°(5*M) x V*^^{R x L) the 
leading part of a. 
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Proposition 6 The following assertions are equivalent: 



1. The noncommutative symbol a is elliptic on X . 

2. The leading part of a is invertible. 

Proof : (i)=> (ii) is obvious. Conversely, let a G "^'^{TiX) be a noncommutative symbol 
whose principal part is invertible. Since a is an elliptic T'S'X-pseudodifferential operator, 
we can choose b G 'i>~'^{TiX) inverting a modulo ^"^(T'?X). From the smoothness of the 
family a we get a continuous map h £ [0, 1] i-^ a|h G V*^^{M x L) and the invertibility of 
p{a) implies the invertibility of a\h if /i < a for some a > 0. We pick a cut-off function 
CO G C^[0,a[ such that lo{0) = 1 and we set : 

b = w(a|ft,)"^ + (1 - (^)b. 

Then 

ab = uj + {l- uj)ah = uj + {I - uj){l + q) = I + {I - uj)q, 
where q G ^"^(T^X), and a6 - 1 G S^^{X) is proved. Things are similar for ba — 1. 

3.3 K-theory of the tangent space 

We prove in this paragraph that elliptic noncommutative symbols, when vector bundles 
are allowed, are the cycles of K^lT'^X). As already quoted, definitions [1] and [2] extend 
immediately to the case of vector bundles and we note S*{X,E,F) the space of non- 
commutative symbols on X acting between sections of bundles E, F over M. With the 
convention S*{X,E) := S*{X,E,E), the proposition H] becomes: 

E) c C{C*{T'^X, E)), Sq^(X, E) c /C(C7*(r«X, E)) 

Therefore, we can associate to each elliptic noncommutative symbol a G S^{X;E,F) on 
X of order 0, an element in the iT-theory of T^X: 

Definition 4 Let a G S^{X;E,F) be an elliptic noncommutative symbol on X. We set: 
[a] := [C*{T'^X,E®F),a] G KK{-,T'^X) ^ K^iT^X) 

where: 

b 
a 

and b is any noncommutative symbol inverting a modulo Sq^ . 

It is straightforward that [a] does not depend on the choice of the quasi-inverse b. The 
main result of this section is that proposition [3] holds in this new framework: 

Theorem 1 Every element of K^{T'^X) has a representant among elliptic noncommuta- 
tive symbols. More precisely: 

K^{T'^X) = {[a] \ a is an elliptic noncommutative symbol on Xof order 0}, 

Remarks 1 1. Considering the Kasparov ungraded modules given by (C* {T'^ X , E) , a) 
where a G S^{X,E) anda^—l G Sq^{X,E), the conclusion is the same for K^iT'^X). 

2. In the same way, relative elliptic noncommutative symbols span the K-theory of 
T1X. Observe that T^X is KK -equivalent to TX° which is KK-dual to M = X°. 
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Proof of the theorem: Let us denote by A the following subset of K^{T'^X): 

{[a] I a is an elliptic noncommutative symbol on Xoi order 0}. 
Prom the exact sequence of C*-algebras: 

^ C*(Cl X TI) ^ C*{T'iX) C*{TX+) 0, (3.10) 
we get the exactness of 

K°(Cl X TI) ^ K^iT^X) K^{TX+). 

If i{K'^{CL X TI)) C A and ev+(K°(r''X)) C ev+(A) then the theorem is true. These 
inclusions are checked in the following lemmas. 

Lemma 1 The inclusion i{K^{CL x TI)) C A holds. 

Proof of the lemma: It is sufficient to find a generator e of K^{C*{Cl x TI)) ~ Z such 
that itf{e) G A. We will define first an appropriate generator of Kq{Cq(R^) ® /C(L^(L))) 
and then we will use an isomorphism C*{Cl x TI) ~ Co(M^) ® /C(L^(L)), 

Let us choose the following generator of Kq{Cq{^)): 

X = [£, 1,F] where: £ = Co(M^) ® Cq{M^), F := ^ and d:=(,^.. ^ ■ 

On the other hand, let i?+ be an elliptic pseudodifferential operator on L with index 1. 
Without loss of generality, we may assume that 5+ is of order 1, is almost unitary (ie, 
unitary modulo order operators) and acts between sections of a trivial bundle LxC^. Let 
6+ G C°°{S*L, Uk{C)) be its principal symbol. Then the following represents 1 G K^{Cl)'- 

x'=[£',l,F% where: £' = 1C{{L\L-C^))^), F' := ^=£= and S := (^^^ ^f^- 

Now the Kasparov product x" = x ^ x' is a generator of Kq{Cq(^^) K,{L'^{L))) and is 

c 

represented by , F" ) where: 

£" = £ (S) (CoiR^) £') £ £' , F" = , ^ = and D = d^hk + h®B . 

Co(K2) C VI + -02 

Here /„ denotes the identity matrix of rank n and (8> is the graded tensor product. Recall 
the matricial expression of D: 



D = d®hk + h®B 



f l(g>Bl d-(g)l \ 

d+(g>l -l(g>B. 

l(g)B+ d^(g>l 

\d+(g>l -1(g) Bl / 



It is clear that D is a pseudodifferential operator on L with parameters {h, A) G (of order 
1) in the sense of [25], acting on the sections of the product bundle L x C'^'^. Following 
the construction of complex powers given in [25], we see that F" remains in the same 
space of operators with parameters (but of course, it is of order 0). Let us find a better 
representant of x" by trivializing F" at +oo. Let us introduce the matrix: 

. , . , / Ik 
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We choose a smooth decreasing function M equal to 1 on ] — co, 0] and vanishing near 
h = +00. We set: 

C = M^/^F" + (1 - M)i/2 J. (3.11) 
We are going to check that — 1 G JC{£"). Observe that: 

= M{F"f + 1 - M + [M(l - M)YI^[F", J] = 1 + [M{1 - M)Y/^\F" , J] mod 1C{£") 

where the bracket is Z2-graded. To compute [F", J], let us proove that (1 + Z)^)"^/^ 
commutes with J. Setting : 



A = 1 + 



A+ 
A_ 










V 



) 0\ 

) 



H+J 



one gets: 



and: 



AJ 



A+K 
A_i^ 



A. A' 









AA^ 



JA 



a_a: 





A'A^ 



A"A_ 






H: 



ATAi 



hence JA = A J which implies, using functional calculus, that J commutes with A ^Z^, 
hence: 



[F", J] = /\-^l^{DJ + JD) = A-i/2(2/i) = (2/1) (1 + /i^ + + Is 8) 



-1/2 



Since h ^ M{h){l-M{h)) has compact support, we conclude that [M{1- M)Y/'^[F" , J] G 
1C{£"), hence = 1 mod /C(£:"). 

We thus get [£" , C] G Kq{Co{^^) ® /C(L2(L))) and Ct = M^^^F" + (1 - Mt)V2 j with 
Mt{h) = M{th) provides an operatorial homotopy between x" = {£",F") and {£",C). 

Using a Fourier transform with respect to the variable A and a reparametrization 
M ~]0, 1[ on h, we get an isomorphism (/> : Co(M2) ® }C{L'^{L)) ^ C*{Cl x TJ) and C gives 
rises to an element still noted C and belonging to '^/^{Cl x TI, C^'^). We now set 

e = = C) = [C*(Cl X r/,C^'=),C7] G KK{-,Cl X TJ) 

Finally we extend C to T'^X by setting C = J on TX^ thanks to the formula (j3.1ip . 
Hence: 

i^(e) = [C*{T'iX,C'^^),C] G KK{-,T'^X) and C G ^°(T^,C^'=), hence i,(e) G A. 
Lemma 2 T/ie equality ev+{[A]) = K°{TX+) holds. 

Proof of the lemma: To each AT-theory class a G K^(T* X^) we shall associate Oo- G A 
with iaa)\TX+ = cr. 

Each element of cr G K^{T*X^) can be represented by a continuous section / over 
r*X_|_ \ of the bundle Iso(7r*£^, 7r*F) for some complex vector bundles E,F over X^ 
pulled-back by vr : T*X+ — > X+. One can assume that / is homogeneous of degre in the 
fibers of T*X^ and independent of h near {h = 1} = dX^. 

One sets E = F = X+ x C since the general case is identical. Using the Stone- 
Weierstrass theorem, we can find g G C°°{T* Xj^) polynomial in ^, independent of h near 
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h = 1 and approximating uniformily / in the corona G T*X^ \ 1/2 ^ |^| ^ 2} up to an 
arbitrary small e > 0. Thus, modifying / by: 

f(x,0=g{x,-j=L=) (3.12) 

one gets another representant of o" G K^{T* X^). 

Choosing an exponential map for T^X, a cut-off function (j) G C^{TiX) equal to 
1 on units and extending / to T*X° in the obvious way, one can define the following 
noncommutative symbol on X: 

aHn)(7) = 0p,,^(/)(u)(7):= / e^<'-'^^'^-'^'^> fix,mir'Ml')dl'dC, (3.13) 



where x = r{j), x' = 5(7) and u G C'^{T'iX). This noncommutative symbol is relatively 
elliptic on X, which is not sufficient here. We then consider the restriction oq of a/ at 
/i = 0. If we note Oq,(Po the corresponding restrictions of 0,(j), we have, using the same 
formula as (13.130 : 

«o = Ope„,<^„(/o)GPL(Kx^)- 

Taking the Fourier transform with respect to the real variable in the above operator, we 
get a pseudodifferential operator oq^X) on L with parameter A G M which satisfies the 
condition of ellipticity with parameters, hence, by a classical result on operators with 
parameters, ao{X) is invertible for large |A|. Note that 9,<j) can be chosen so that: 

eo:RxTL3{X,y,V)^{X,exp^{V))eRxCL for small \V\ and M^V^v') = Mv^v'), 

where exp^ is for instance the exponential map associated with the metric (jl.Sp and (pL 
is compactly supported in the range of exp^ and satisfies (pL{y,y) = 1. It follows that, 
writing X = {h, y) G [0, 1] x L; ^ = (A, r?) G T*X+ ~ M x T^L and /o(x, = /o(y, A, r/): 

ao{X){u){y) = [ e*<«)"(^')'^>/o(?/,A,7?)<Ai(y,y')^(y')dy'rf^ (3-14) 

Jy'eL,rieT*L 

where u G C^{L) and /o denotes the restriction of / at /i = 0. 

Observe that /q has a holomorphic extension with respect to the cotangent variable 
A G M in the strip 

B = {z = X + iue(C \ -1/2 <u< 1/2}. (3.15) 
Indeed, the following function: 

/o(?/, z, T]) = g{x, -j=M^===) 

makes sense as a holomorphic function in z = A + in G 5 taking values in the space 
C°"{T*L) and is equal to /o when u = 0. Moreover, for fixed u g] — 1/2, l/2[, the 
function: 

(2/,A,r?) ^ fo{y,X + iu,v) 

is a symbol of order on L with parameter A G M and one can find a constant C indepen- 
dent oi y,X,7] such that: 

1/0(2/, A + in, 77) - fo{y,Kv)\ ^ C.u 

Since fo{y, A, i]) satisfies by construction the condition of ellipticity for symbols on L with 
parameters A G M, the previous estimate ensures that the same is true for /o(y, A + in, rj) 
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assuming that |u| < a for some q > small enough. In the sequel we restrict the strip B 
according to this ellipticity condition. 

It follows that (|3.14|) gives rise to a holomorphic family z i— > ao{z) taking values in 
elliptic pseudodifferential operators on L of order 0. We have noted earlier that there 
exists z £ B such that ao{z) is invertible, so by a classical result on homolorphic families 
of Fredholm operators, the sets: 

{z = X + ip \ \p\ ^ a' and pz is not invertible} 

are finite for all a' < a. Hence, there exists /3 such that aQ(X + i(3) is invertible for all 
A G M. 

Observe also that each ao(z) restricted to horizontal lines im(z) = u in ;S is a pseudod- 
ifferential operator on L with parameter A = re(z), which allows to define a„ € V^j^^{M. x L) 

by: _ 

a^(A) = do{X + iu) 

Choosing a smooth function u{h) such that u{0) = (3 and n(l) = 0, we can define the 
required elliptic noncommutative symbol Oo- on X by: 

Ocr|x+ = «/ and aa\h = ^^(h) all ^ /i ^ 1 

3.4 Unbounded noncommutative symbols, Fuchs type noncommutative 
symbols 

We can also associate /C-theory classes to elliptic noncommutative symbols on X of positive 
order. To do that, we state: 

Proposition 7 Let a £ S"^'{X, E) he an elliptic noncommutative symbol on X with m > 0. 
Let us consider a as an unbounded operator on C*{T'^X,E) with domain C^{T'^X,E). 
Then its closure a is regular (f^)- 

Proof : The closure of a with domain C^{T'>X, E) is regular as an unbounded operator 
on C*{T'iX, E) and following the proof of this result in |28j . we see that everything remains 
true if we consider a as an unbounded operator on C*{T'^X, E) with domain C^{T'^X, E). 
Note that the result still holds if a is only relatively elliptic on X. As a consequence, 
to each elliptic noncommutative symbol a on X of order m > corresponds a morphism 
q{a) = a(l + a*a)~^/^ G C{C* {T'' X , E)) and using the construction of complex powers 
given in [27], we get: 

Proposition 8 Let a G S™'{X,E) be an elliptic noncommutative symbol of order m > 0. 

1) (l + a*a)-i/2 helongs to S-"'{X,E). 

2) q{a) is an elliptic noncommutative symbol on X. 

Proof: 1) Done in [27]. 

2) Let 6 be a parametrix for a, that is ah = l + r, ha = 1 + s with r, s regularizing operators 
vanishing at /i = 0. Then (1 + a*aY^'^h is a parametrix for q{a). Now we can associate 
to each elliptic a G S"^{X,E,F) the following iT-theory class : [(/(a)]. Note that these 
noncommutative symbols do not produce directly unbounded i^i^T-theoritic elements ([2]) 
since (l-|-a*a)~^/^ is not a compact operator on the C*(r'?X)-Hilbert module C*(T''X, E). 
This defect leads us to consider Fuchs type noncommutative symbols. Let iphe a positive 
smooth increasing function of h, equal to 1 if /i ^ 1 and satisfying f{h) = h near h = 0. 

Definition 5 An element p G ^*{T'^X,E) is a Fuchs type noncommutative symbol on X 
iff^p belongs to S^{X,E) for some I G M_|_. The infimum of such I is then called the fuchs 
type order of p. A Fuchs type noncommutative symbol p with Fuchs type order I strictly 
positive is elliptic if the noncommutative symbol ip^p is elliptic on X. 
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For an elliptic Fuchs type noncommutative symbol p, we can define as before {l+p*p)~^^^ G 
C{C*{T'^X, E)). Thanks to the unbounded behavior of p with respect to /i at /i = 0, the 
operator (1 + p*p)~'^^'^ is actually compact so {C*{T'^X, E),p) provides an unbounded 
ii'ii'-theoritic element in the sense of [2]. 

Examples of such symbols come from Dirac type operators on X, where the latter is 
provided with a conical metric g = dh? + h'^gi: and their typical expression near /i = is: 

,„i/ -dx + S 
where 5 is a Dirac type operator on L. See [8] for a developpement of this example. 



4 Poincare dual of elliptic noncommutative symbols 
4.1 Construction of a noncommutative symbol map 

We are going to define a noncommutative symbol map for 6-operators using a deformation 
process encoded by Q''. We then get a generalization of the complete symbol map for 
manifolds \10\ I30j . and like the notion that it generalizes, the noncommutative symbol 
is not canonical and depends on several choices: exponential maps, cut-off functions, 
connections on vector bundles. The idea of the construction is very close to |10t [9]. 

We motivate the forthcoming constructions by recalling the case of differential opera- 
tors on a smooth manifold V. Let Q be a differential operator on V and: 

a 

its expression in a given local chart. For each t g]0, 1], the differential operator Pt on V 
defined locally by: 

Pt{x,D^) = Q{x,tD,) (4.1) 

is well defined and setting: 

Poix, Dx) = a^{x)DS, e Diff(T,y), (4.2) 

a 

we get a differential operator P = {Pt)t&[Q,i] on the tangent groupoid Qy = TV x {0} U 
Cyx]0, 1] of V. As explained in paragraph 13.11 Pq represents exactly the (total) symbol 
of Q. 

Let us do the same thing for 6-differential operators on M = X° with the tangent 
groupoid Q'' (ll.9p of the pseudomanifold X. 

From now on, the gluing function / (ll.lSp is equal to logarithm function / = log near 
/i = 0. Let Q be a 6-differential operator on M [TJj. That means that near {/i = 0} = 5M, 
one has, writing x = {h, y) £]0, l[xL: 

Q = Y,Mh,y,Dy){hdh)'' 

k 

where are differential operators on L, depending smoothly in h. We define the family 
{Pt)te[G,i] as in dM]) on X+, while we set on X_, writing X = (A, F) G M x TyL: 

Pt = Y,ak{h,y,K{t,h)Dy)(^j^dh^ ift>0, (4.3) 

Po = Yl ^WDy){Dx)^ if /i< 1 if t = 0. (4.4) 

k 
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The functions k and r are those chosen in (I1.16P and ()1.15p . Observe that for h close 
enough to 0, (|4.3|) and (|4.4|) give: 



Pt = Y,^k{.Ky,Dy){thdhf and Pq 



k 



Note that Pq is a noncommutative symbol on X and that -Po|?i=o = p{0,y, Dy, Dx) is 
exactly the indicial operator of Q [H]. Moreover, the full ellipticity of Q as a 6-operator 
(that is its interior ellipticity and the invertibility of the indicial family) is the same as the 
ellipticity of Pq as a noncommutative symbol on X. Hence, we have defined a map 

a:Q^Po 

defined on 6-differential operators and taking values in noncommutative symbols on X. It 
remains to extend this map to the pseudodifferential case: the idea is basically the same 
but things are more technical. 

We will use a cover of M x M by three open subsets Ri, R2,R3 as shown below and a 
partition of unity a;i,a;2, W3 subordinated to this cover. For instance, Ri = ([0, l/2[xL)^ 
while 

R2 = {{x, x') e I dist(x, y) < 1, h{x) + h{x') > 3/2} 
and R3 is some open neighborhood of the complement of Ri U R2 into M^. 
h' 



R. 



1/2 



i?3 



1/2 

Let Q G Vl{M) with Schwartz kernel k. Let Qi i = 1,2,3 be the operators with 
Schwartz kernel Ki = uJiK so that: Q = Qi + Q2 + Qz- 

Let us focus on Qi. Applying a Mellin transfom on ki, we get: 

ai{h,rj,y,y ) = J^^ j Ki{h,y,h,y) — 

where oi is a smooth function of /i G [0, 1/2 [ taking values in the space of pseudodifferential 
operators on L with one parameter G M. Using a cut-off function 01 such that uji(pi = toi, 
one recovers the action of Qi on functions as follows: 

f / h \ rlh' 

nGC-(X°), QMh,y)= T7 {a,{h,v) ■ {Mh, h')u{h' , .))) {y) — drj 
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where (ai(/i, ry) ■ u{h' , .)) (y) is the action of the operator ai{h,r]) on u{h',.) E C^{L) 
evaluated at y £ L. Since n{t, h) = 1 and l{h) = log(/i) when h G [0, 1/2], setting: 

r / ft \ r//?' 



for t > and defining Pi,o G ^'*(r'?X) by: 

n G C;r°(]0,l/2[xL X M), Pi on(/i, x, A) = / e'^^"^''^-'^ {ai{h,r]).u{h, ., X')) {x)dX'dr] 

(4.6) 

we get a pseudodifferential operator on Q^' given by Pi = iPi.t)te[o i] ^-^^d such that Pi|t=i = 

Qi. 

Since K2 is supported in R2 which is included both in a compact subset of X° x X° 
and in the range of Egg = Q~^, we can set: 

a2{x,V) = K2{Egg{x,V,l)) anda2(2;,0= [ e^®(^'^''i)-«a2(x, 6(2;, 2;', l))dA^(xO. 

Jm 

Then, choosing any function (j)2 compactly supported in a neighborhood of R2 and satis- 
fying uj24>2 = ^2, we have for all functions u G C^{X°): 

Q2u{x)= I e'^^'''''''^^-^a2{x,C)Mx,x')u{x')dX\x')dC. 
To extend Q2 as we did for Qi, we set: 

P2Mx)= [ e'®("'"''*)-«a2(x,0'/'2(x,x')n(x')dA*(x')de. (4.7) 

This is for t > 0, and we define P2,o G ^'(T^X) by: 

/i< 1, n G C,°°(M X L), P2,oku(A, y)= [ e*Q('^'^-^''^'J^''0)-«a2(/i, y, On(A', 2/')'iA'^'°(A', y')d^ 

JMxLxT* ,Af 

{h,y) 

(4.8) 

and 

n G C7^°°(rX+), P2.o|x+^i(a;,^) = / e'®^^'^-^''''^-^a2{x,0u{x,X')dX^X')d^. 

(4.9) 

The last piece Q3 is smoothing and its Schwartz kernel ^3(2^, x') vanishes both on a neigh- 
borhood of the diagonal and on a neighborhood of dM x dM in M^. This implies that 
K3 defined by /?3(x,x',t) = K3(x,x') if t > and K3\t=o = 0, belongs to C^{Q'^) and the 
behavior of K3{x, x') near /i(a;) = h{x') = 0, resulting from the assumption that Q is in the 
small calculus, yields also ti2,{x,x' ,t) G C*{Q'^). Thus setting for t > and u G C^{X°): 

Ps^tu{x) = / K3(x,x')u(x')(iA*(x') 
Jm 

and for t = 0: P3,o = 0, we have extended Q3 in P3 G ^'-°°(a^) n C*(a^). We get a hnear 
map: 

Q ^ Pq := Pi + P2 + P3. 
Restricting Pq at t = gives the desired noncommutative symbol map: 
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Definition 6 Let Q G Vl{M). With the notations above, we define the noncommutative 
symbol of Q by : 

c^iQ) = P\t=o = Pi,o + P2,o G S*{X). 
The following facts are obvious: 

Remark 3 1. Q is fully elliptic as a b-operator if and only if a{Q) is elliptic as a 
noncommutative symbol on X. 

2. IfPe Vl{M) and Q G Vl{M) then 

a{PQ) = a{P)a{Q) modulo S^^+'^'^X). 

3. Everything above can be written in the same way for operators acting on sections of 
a vector bundle. 

The noncommutative symbol map depends on the choices of the cover of M^, of the 
partition of unity and of the exponential map of Q'^, but the i^T-theory class of the non- 
commutative symbols of fully elliptic 6-operators does not depend on these choices, as we 
will see in the next paragraph. 

Conversely, one can define a quantification map op^ which is a quasi inverse of a. We 
describe it now. Let us choose oo G C^([0, l/2[) such that oj{h) = 1 near h = 0. Let a be 
a noncommutative symbol on X and write 

a = + (1 — uj)a = ai + 02- 

We extend ai as a ^''-pseudodifferential operator oi by reverting the process used in 
()4.5|4.6p . Let /2 be a symbol of 02 viewed as a pseudodifferential operator on T'^X. That 
means that /2 is an ordinary symbol on A*{T'^X) = T*X° such that: 

02 = oVTixih) modulo Sq'^{X,E) 

where opj^gjjc is given by: 

u G Cr(r«X), op^,;,(/2)(n)(7) = / e*<®''(^'T"')'«>/2(r(7),e)0(7'7-')^^(7')dA^^^^de 

Here @i = {Etix)~^ is the inverse of the exponential map of T'^X given by restriction 
of E-}{, and (/> is a cut-off function equal to 1 on units and supported in the range of Q''. 
We can use the formulae ()4.7I4.81 14.9P to build from /2 a ^/''-pseudodifferential operator 
02 with the property : 

a'2|t=o = a2 modulo Sq°°{X). 
Thus we get an approximate lifting of noncommutative symbols: 

a := ai + 02 £ niOg) (4.10) 



satisfying: 



By construction: 



a\t=o = a modulo Sq °°{X), 

op,{a):=a\t=ieVUM). (4.11) 



a{op^{a)) = a modulo Sq°°{X) (4.12) 

In the same way, if P G V^{M) then op(,((j(P)) — P is a smoothing operator with vanishing 
indicial operator. 
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4.2 The Poincare duality as a noncommutative symbol map 

All ingredients are now at hands to finish. Observe that to each fully elliptic 6-operator P : 
C°°{M, E) — > C°°{M, F) acting on sections of complex vectors bundles E, F, corresponds 
a iT-homology class [P] = [(L^(M; E ® F; dX^), pi, P)] on X where: 

• L?'{M] E ® F\ dX^) is the Z2-graded Hilbert space modeled on the measure dX^ and 
on product type hermitian structures on E and F, 

• pi is the action of C{X) onto L^(M;E © F;dX^) in the natural way through the 
quotient map M ^ X = M/X^, 

• P = where Q is a full parametrix of P. 

Theorem 2 With the previous notations and those of the definition [7} the isomorphism 
: Ko{X) K^{TiX) defined in ^EW is given by: 

[P] ^ [a{P)] (4.13) 

Remark 4 

» Recall that from theorem{^ we know that every K-theory class [a] G K^iT^X) has a 
representant a among elliptic noncommutative symbols on X . From ^JTT^, we know that 
a is in the same K-theory class than the noncommutative symbol cr{P) of a fully elliptic 
b-operator P. Eventually, since S"^ is an isomorphism, we get that each K-homology class 
of X is represented by a fully elliptic b-operator. 

» Using the deformation of T'^X into T^X , leading to the K K -equivalence T'^X ~ T^X , 
one could also get a concrete interpretation for T,^. However, the adequate adaptation of 
the notion of noncommutative symbols is more difficult to relate directly to what is done in 
boundary values problems or former studies about pseudodifferential calculus for groupoids. 

Proof : Let P : C°°{M,Eq) C°°{M,Ei) be a fully elliptic 0-order b-operator. Let 
E = Eo®Eianda = a{P) G S^{X, E). We need to prove that T,'i[P] = [ a] or equivalently 
that [P] = [a] <S) D'i (cf. section [5]). Recah that: 

[a] L>« = sx([a])®$''®9''. (4.14) 

Firstly, sx{[a]) ^>'? G KK{X,TiX) is represented by: 

(C*(M,i5;),p,a) (4.15) 

where p : C{X) ^ C{C* (T'^ X , E)) is given by p(/)(e)(7) = e(7)/(vr'^(7)). 
The next step is to find 

[£,p,^e KK{X,g'') (4.16) 

such that 

{elU£,p,^] = [C*{T'iX,E),p,s.]. (4.17) 

The desired lifting is made as follows. Let us note again E the pull back of the original 
bundle E to X° x [0, 1] with the range map of Q'^. Let vr"? be the composite map of the range 
map G'J ^X°x [0, 1] with the projection maps X° x [0, 1] X° and X° ^ X = X°/'XZ. 

We set £ = C*{gi,E), we define p by p(/)(C)(7) = /(v??(7))e(7), and a is defined 
from a using dHO]). By construction a G ^1(0'^, E) C £(C*(a^,^)) and a^ = 1 modulo 
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C lC{C*{gi,E)). it follows that the triple (£:,p,a) defined above satisfies 
()4.16p and ()4.17p . Evaluating this element at t = 1 gives: 

{e'l)4£,p,a] = [£\t=i,pt=i,opi,{a)] G KK{X,Cx°) 

and applying the Morita equivalence C*{Cx°) ~ C produces the final result: 

[a] = [£\t=i,pt=uovM]®^=[L^{M;E-d\^),pi,P] = [P] G K K {X , ■) = Ko{X) 



4.3 Index map 

Since X is a compact Hausdorff space the map p sending X to a point gives rise to a 
morphism: 

■.Ko{X)^Ko{-)=Z 

called, for obvious reasons, the index map. We can capture p^, with the pre-Dirac element 
and Poincare duality: 

Proposition 9 Let us denote by Ind^ the map: 

Ind? : [a] E K{TiX) ^ [a] e Z, 

then the following holds: 

V[a] G K{T'^X), p,((S'')-i[a]) = In(P[a]. 

In other words, the index of a fully elliptic 0-order b-operator P : C°°(M, E) C'^{M, F) 
viewed as a Fredholm operator between L'^(M, E, dX^) and L^(M, F, dX^) is equal to Ind!^(a{P)). 

Proof : The homomorphism C C{X) corresponding to p : X — > • is denoted by p. 
We have 

p,{{^'iy^[a]) = [p\^ ([a] = [p]®sx[a]0[<5'?]®9«. 

V TlX J 

Observe that 

[p\ (g> sx [a] = [p\(g) [a] 
c 

so by the commutativity of the Kasparov product over C: 

\p\ (g) Sx [a] = (g) [a] (g) [p] = a (g) stqx [p\ ■ 

c 

But sj'gxlp] fg [^'^] is equal to the class of the identity homomorphism of C*{T'^X), hence: 

= (a(gST<Jx[p]) ® ® 5^ 
= ag)(sT'Jx[p]® [^^D^^^ 
= a® 99 
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